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Abstract—General equations governing the slow creep motion of a nonlinear viscous, incom-
pressible medium containing a large number of small gas bubbles are analyzed on the basis of
asymptotic averaging methods for periodic structures. Special attention is paid to account for the
interaction of bubble compression (decompression) relaxation and deviatoric macro deformations
in the two-phase system. The corresponding approximate rheological relations and averaged macro-
scale mass and momentum balance equations are derived. The relationship between gas-medium
pressure drop and volume expansion (compression)} rate, as well as the one between deviatoric
macro-stresses and macro-strain rates are numerically examined in application to bubbly ice
rheology. Copyright «© 1996 Elsevier Science Ltd
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NOTATION

Radius of bubbles

Vector of periodicity

Gas volume concentration

Strain rate tensor in fluid matrix

Deviator of macro-scale strain rates
Function defined by eqns (30). (35)

Gravity vector

Functions defined by eqns (41), (42); & = x, v,z
Cell of periodicity (boundary of the cell)
Fluid matrix within cell

Length of edge of equivalent cubic bubble
Macro scale of bubbly medium flow

Unit normal at gas—fluid interface

Pressure

Excess pressure in cell

Macroscopic volumetric expansion rate
Principal components of E

Activation energy of ice

Radius-vector on macro scale (in r-space)
“Fast™ radius-vector on micro scale (in R-space)
Radial coordinate

Radius of bubble in R-space

Gas constant

Radius of sphere of unit volume in R-space
Micro-scale fluctuations of strain rate tensor
Distance from cell center along «-sector axis
Time

Macro stress tensor

Temperature (K)

Velocity vector

Volume of gas bubble in r-space

Volume of gas bubble in R-space

Volume of cell K,

Velocity fluctuations within cell

Fast Cartesian coordinates

Creep index, exponent

61
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I Interface surface in r-(R-)space

o Identity tensor

A Distance between bubbles

€ Small parameter. ratio: A/L

# Rheological coefficient in eqn (1)

7 Coordinate angle

K Tuning parameter, form factor in spherical and cubical approximations
My o Rheological coefficients of ice in eqn (45)
v Normalized distance from cell center

p Density

c Stress tensor

T Deviator of &

1] Coordinate angle

i, Second and third invariants of tensor
1<) Averaging operation

\% Nabla operator

Superscripts

K Symmetrization operation

Subscripts

a Apparent value

b Bubble

m Fluid matrix, medium

r(R) Differentiation with respect to r(R), component
s Standard conditions

X, ¥,z Components in Cartesian coordinate system

o, By, 0,0 Directional averaging, components

0,1,2 Coefficients in asymptotic expansions

1. INTRODUCTION

Gas-liquid mixtures and other fluid bubbly mediums are widely spread in the nature and
used in industrial technologies. Even if the continuous phase is incompressible, the whole
two-phase system, being involved in a flow process, can change its volume (bulk density)
under compression or decompression due to the presence of gas bubbles.

Mathematical description of rheological behavior of such mediums is the general
problem in multiphase fluid mechanics (Nigmatulin, 1987). It includes appropriate for-
mulation of the Rayleigh-Lamb equation (Plesset and Prosperetti, 1977; Nigmatulin,
1987), which relates the phase pressure difference to the volume strain rate, inertia effects
in the fluid and so on.

A special case of the problem arises in modelling slow creep flows of nonlinear viscous,
bubbly mediums. In these processes the drop in pressure between the gas and the fluid
matrix appears to be the main driving force of the volume expansion (compression), and a
principal peculiarity is the interaction of volumetric and deviatoric deformations because
of the viscous nonlinearity of the continuous, fluid phase. The authors have encountered
the problem in their study of dry bubbly ice densification processes in ice sheets (Salamatin
et al., 1985 ; Pimienta et al., 1987 ; Salamatin, 1991). The earlier investigations were under-
taken by Bader (1965), Gow (1968), and Brown (1979). Similar phenomena can be observed,
for instance, during the closure of a bore-hole drilled in a glacier, in volcanic lava flows, or
in pressure sintering of powder compacts. The latter case was examined by Wilkinson and
Ashby (1975). A brief review of theoretical results and mathematical approaches used for
predicting pressure (density) relaxation and expansion rates in these situations has recently
been published by Salamatin and Lipenkov (1993). All of the models deal with volumetric
deformations of a bubbly medium under the universal compression (decompression) with-
out taking into account the deviatoric part of the strains, which can be significant, if
not dominant. Moreover, the above-mentioned processes of bubbly ice densification and
pressure sintering in ceramics production are typical examples of the uniaxial compression,
which results in non-zero deviatoric strain rates of the same order as the densification rate.
Hence, the study of the interaction between the main flow and the density (pressure)
relaxation in the nonlinear viscous, bubbly medium may be of primary interest in appli-
cations.
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The size of bubbles in the two-phase system is hereafter assumed to be small in
comparison with the macro scale of its motion. This permits cmployment averaging (homo-
genization) methods for description of bubbly medium behavior. General problems of
averaging in mechanics of multiphase systems were discussed, for instance, by Nigmatulin
(1987). Different mathematical approaches to construction of macrocontinual models were
analyzed by Salamatin (1987). In all these theoretical methods, a certain pattern of the
“inner”, micro-scale structure of the suspension (i.e., the scheme of bubble locations in the
continuous phase) is accepted a priori to simulate the real situation. Here we shall assume,
after Salamatin ez al. (1985), that the bubbly medium is periodic. Many natural and
artificial gas-liquid mixtures are regular to some extent, and the latter assumption is a good
approximation to study their rheological behavior on the macro-scale level. At the same
time the asymptotic averaging analysis yields in this case the most consistent and rigorous
procedure. The theory of homogenization for periodic structures based on perturbation
methods has been developed and expounded, in particular, by Bensoussan et al. (1978),
Sanchez-Palencia (1980) and Bahvalov and Panasenko (1984).

All further considerations in this paper use this instrument and are aimed to deduce
averaged balance equations and rheological relations governing slow creep flow of nonlinear
viscous, bubbly medium.

2. GENERAL EQUATIONS AND ASYMPTOTIC APPROACH

Let us consider a two-phase system consisting of a large number of discrete bubbles in
continuous fluid medium (matrix), which is isotropic, incompressible and follows the quasi-
linear non-Newtonian flow law :

o= —pdtt, T=2n@Il)%, (0

where o is the stress tensor, p, the pressure, 1, the stress deviator, 8, the identity tensor and
n the rheological coefficient (apparent viscosity) depending on the second invariant /7, of
the strain rate tensor ¢ {deviator) and temperature 7.

By definition,

¢ =(Vvy, [, =0.5¢:¢. (2)
Here v is the velocity vector, V is the differential nabla operator, superscript s’ denotes

symmetrization.
The creep noninertial flow of the fluid phase is governed by Stokes equations :

Vee+gp,=0 V-v=0, 3
where g is the gravity vector, p,, is the density of the medium.

Mass forces and the constitutive part of the stretching stress in the gas are negligible.
Hence, for the bubble pressure p, we have

Vp, =0, 4
and at the gas-liquid interface y, we write
6N, = —NDp,, ()
where n is the unit normal directed outside the fluid matrix.
Hereafter we additionally assume that there is no phase change within the system and
the interface is impermeable for gas. If the gas is ideal, then for each single bubble of

volume v, the mass balance equation and the mass transfer condition at the interface take
the following form:
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d ‘ dv
a(pbvb//T):O’ Vb: *J\ v'nd}"-, (6)

where 1 is the time.

Equations (1)—(6) are conventional: see, for instance, Happel and Brenner (1965),
Astarita and Marrucci (1974). These equations also formed the theoretical basis for the
carlier studies by Salamatin and Lipenkov (1993). In general, the stated problem is very
complicated and difficult. It might be efficiently solved only in some specific cases with all
simplifying peculiarities of the concrete process thoroughly taken into consideration. Here
we are going to exploit the fact that the size a (radius) of bubbles and the characteristic
distance A between neighbor gas inclusions are considerably less than the macro scale L of
the whole deforming domain. Thus, the ratio ¢ = A/L is a small parameter in the above
problem and the flow of the bubbly medium can be analyzed asymptotically as ¢ — 0.
Further, regarding the length scale L as a typical one for the macrocontinual description, we
take L ~ 1. Obviously, a ~ &c'?, where ¢ is the volume concentration of the gas (porosity) :
c~alA.

Following the principal line of perturbation methods, let us distinguish after Bensous-
san et al. (1978) and Sanchez-Palencia (1980) in the given reference frame the radius-vector
r, which is typical for the macro scale L, and R = r/e, which is the “fast” (or ‘“‘near-
field”) radius-vector related to the micro scale A. Correspondingly, all hydrodynamic
characteristics take the form of the double-scaled expansions :

p :p(J(ra R)+Cp](rs R)+0(62)-
v=vo(t)+ev, (L R)+2v,(r, R)+0(),... R=r1/5,6-0. N

The nabla operator in eqns (2)-(4) can then be represented as the sum

V=V, +: Vg (8)

where V, and V; operate separately with respect to the variables r and R.
Substituting eqns (7) and (8) into eqns (1) and (2), we have
e=¢,+ee, +0(%) = (Vv +Vev ) +e(V,v, +Viyy)' + O(e%),
[I(, = II(,[) +8é0 .él + 0(82),
n(411,) = no+eny +O(e’) = n(4ll0) +4en’'(H1)é, 1 & + O(e?),

6= —pod+2ne+e[—p d+2(n08, +1,8)]+O(e). 9

These relations yield the following asymptotic form of eqns (3) and (4):

871[_VRp0+2VR (o€l —V.po + 2V, -(080) — Vap + 2V (11081 +1:80) +gp,., = O(e),
V. ¥+ Vervy = 0(e),

87'Vpr0 + V&V, pro+Vep, = Oe). (10)

Analogous expansions are also evident for eqns (5) and (6), and we come to the sequence
of linked problems to determine the coefficients in the asymptotic series (7).

It should be noted here that the above assumption of v, not being dependent on R is
introduced in eqns (7) just to simplify the considerations without any loss of generality.
Otherwise, the principal term ¢~'(V,v,)* would appear in the expansion for the tensor &,
and the stress tensor ¢ would become unbounded as ¢ — 0 (sce egns (9)).
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Fig. 1. A sketch of a locally periodic structure.

3. CELL PROBLEM AND AVERAGED BALANCE EQUATIONS FOR LOCALLY PERIODIC
STRUCTURES

The next step is to examine the principal perturbation part of the model (1)—(6). From
eqns (9) and (10), when the fast variable R is within the fluid matrix, one obtains

—Vrpo+2Vg (10€) =0, V, vy+Vp v =0, (1D

and the equation Vgp,, = 0 within the gas phase means that p,, depends only on r.
At the gas—liquid interface I', in R-space eqn (5) with the secondary terms of e-order
omitted takes the form

(—pon+21,8, M)y, = —NP,,. (12)

For given values V, - v, and p,, eqns (11), (12) determine p, and v, as functions of R.
The radius-vector r in the problem should be considered as a parameter.

The system of eqns (11), (12) describes the quasi-hydrostatic interaction of gas
inclusions through the fluid phase and in case of arbitrary disposition of bubbles is not
much easier to solve, if compared with the original basic model (1)-(6). The main advantage
can be derived from the above asymptotic analysis, when the bubbly medium has a regular
structure.

Actually, let us assume that the bubbles are similar in shape and are located in the
fluid almost periodically (see Fig. 1), i.e., for each bubble we can determine in R-space
three non-coplanar vectors B, (i = 1,2, 3) such that the B-shift of the space (R - R+B)
within a finite vicinity of the bubble is almost identical and leaves the structure of the
bubbly medium unchanged with the accuracy to e-order deformations. This assumption
means that p, and v, in eqns (11). (12) and any other characteristic ¢ defined on the basis
of the expansions (7), being continuous, are approximately periodic functions in the
R-space:

#(L,R) = p(r,REB)+0(), i=12.3. (13)

Eventually each bubble is confined into a cell K, with edges equal in length and parallel
to B, so that py(r, R) and v,(r, R) are approximately the Kj-periodic solution of eqns (11),
(12). This solution is unique, and vy(r) has the meaning of the averaged velocity of the
medium (see: Sanchez-Palencia, 1980 ; Bahvalov and Panasenko, 1984), if the extra con-
dition holds:
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<vl>m = 07 (14)

where {+>,, is the integral over the domain K,, of the cell K, occupied by the fluid matrix.
The boundary value problem (11)—(14) is called the cell problem.

The averaging procedure for periodic structures has already been referred to be tho-
roughly elaborated. Accordingly, to determine the averaged characteristics for the bubbly
medium flow (the principal terms in series (7)) and the corresponding averaged balance
equations one has to examine the next, second-order terms in the expansions (10) and in
the boundary condition (5).

Thus, we write

—Vip1 +2Ve (0o +1,80) —V,po +2V, *(110€) +gp., = 0,
Vepoi +V.pp =0,
(—pin+2n,&, "n+2n,&, '“)\r,, = —NPsr,- (13)

The main point that should be stated here is that eqns (15) are formulated for approxi-
mately periodic functions p,, p, and v,, v,. The latter ones enter eqns (15) via &, and é,. Due
to this fact, after integrating the first eqn (15) over the fluid phase K, and applying Gauss
theorem to transform its first two terms on the left-hand side into surface integrals, we can
omit the integral along the cell boundary ¢K,, since it is of the order of O(¢). Further, let
us integrate the second eqn (15) over the bubble domain. Finally, adding the two equations
and using the boundary condition (15), we come to the following result

=V P25+ P Dm) + 2V, {N0€0 D+ 8P m = O(E). (16)

which 1s the averaged momentum balance equation for the bubbly medium ; {*>, denotes
integration over a bubble.

In its turn, the second eqn (6) after substitution of eqns (7) gives a relation determining
the volume of the bubble V, = ;,/¢* on the micro scale in the cell X,,:

dv,
szz Ver-v0+J vi -ndl+0(e). (17)
F

The right-hand side in the latter equality has been transformed in accordance with
Gauss theorem.

Again, taking into account the approximate K,-periodicity of v, (see eqn (13)) and
using Gauss theorem to integrate the fluid-phase continuity eqn (10), one obtains:

J‘ viondDl =<V, v, 4+ 0().
Ty

Hence, eqn (17) takes the form:
dV,/dt = VoV, vy + 0(e), (18)

where V,, is the volume of the cell Kj,. Equation (18) has the meaning of the averaged, fluid-
mass balance equation.

Now, to conclude with the averaged (homogeneous) description of the bubble medium
flow let us introduce new macro-scale variables:

¢ = V,/V, - gas volume concentration;

Pr = (Poo2s+<Papm)/ Vo —averaged pressure;
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T = 2{y,€, >,/ V, —macroscopic stress tensor. (19)
By definition, for incompressible medium we have :
dv,idt = dV,/de; d[V,(1—¢)]/dt = 0.
Correspondingly, the first eqn (6) and eqns (16), (18) can be rewritten without neg-

ligible terms of the order of O(e) as a system of macrocontinual mass and momentum
balance equations:

d/ pee de
—| == =0; —=(1—=c)V-v,,
(h(TU——d) g ==V
me = V.T_I—(] _C)pmg' (20)
The subscript “0” in the denotation p,, and the subscript “r”" in the V,-operator are
omitted, since all characteristics in eqns (20) depend only on the macro-scale space variable
T.
It is necessary to emphasize that the model (20) is not complete and we need to solve
the cell problem (11)—(14) to formulate explicitly the necessary constitutive eqns (19)
relating p,,—p, and T to Vv, and Vv,. This result common for the theory of periodic

structures is shown here to be valid at weaker constraints of local (approximate) periodicity
of bubbly medium.

4. CELL PROBLEM ANALYSIS AND APPROXIMATE SOLUTIONS

Now let us designate as P the excess pressure in the fluid, continuous phase:
P =po—pn
and introduce additional notations for the macroscopic volumetric expansion rate:
go =V vy/3
and for the deviator of the macro-scale strain rate tensor :
E =(Vvy)’ —¢,9.

Let us also place the origin of the reference frame of the R-space into the geometric
center of the cell K, under consideration. Then &, can be presented as the sum :

&, = E+S, 21
and its second invariant

I, = I, +1I;+E:S,
where

S =(VW)', W = v, +¢,R.

The normalized micro-scale fluctuations of the fluid velocity W and the excess pressure
P within K,, are the solution of the modified cell problem (11)—(14):
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— VP2V (&) =0, V-W =0, Rek,;
(—Pn+2noéo " m)ir, = — (P, —Pu)0r,
(W3, =0. (22)

On the opposite faces of the cell boundary 2K, as a consequence of the K-periodicity
of the functions p, and v,, we have

P(R) = PR+B), W(R)tqB,=WRtB), i=123 (23)

The subscript “R” at Vg-operator in eqns (21)—(23) is omitted and hereafter in this
section all differential operations should be understood as those in the R-space.

By definition, since ¢, and E are considered constant (i.c., independent of R), from
eqns (19) it is obvious that

pm ‘_Pb = <P>mj// Vba
T= 2(<’10>mE+<'?OS>m)/V0- (24)

The primary goal of analyzing the boundary value problem (21)-(23) is to express the
variables P and W (or S) as functions of R, g, and E in order to substitute them into eqns
(24) and, thus, to obtain the constitutive macro-scale relations for p,,—p, and T in the
model (20).

With this in mind, it is helpful to note that the right-hand sides in eqns (24), which
depend on the solution of the cell problem, are presented in an averaged, integral form.
This permits us to expect them to be correct and sufficiently accurate even for plausible
approximations for P and S. This peculiarity is another reason to use simplified patterns
of bubbles location, such as periodic structures, and perturbation methods to describe
rheological behavior of real multiphase systems on the macro-scale level, on the average,
but here arises a circumstance that should be discussed more thoroughly.

Actually, the averaging procedure in eqns (24) depends on the orientation of the cell
K, (on the vector triad B,, i = 1,2, 3) relative to the principal axes of the tensor E. Thus, in
general, for non-symmetric cells and inclusions we come to an anisotropic macro-continual
model for the two-phase mixture. So, if the system we study shows isotropic behavior on
the macro-scale level, its imaginable micro-scale structure ought to be specially “*designed”’
in the framework of the local periodicity approximation. Thus, confining further inves-
tigations to macroisotropic two-phase mediums, let us assume that:

(1) gas bubbles are spheric and are located in geometric centers of the cells;

(2) each cell has approximately a cubic form identical to that of its neighbors with the
accuracy to ¢-order relative deformations;

(3) edges of each cubic cell (vectors B, i = 1,2, 3) are directed along the principal axes
of the macro-strain rate tensor E.

This provides both the local periodicity of the structure and its apparent isotropy on
the macro-scale level.

The cell problem (21)—(23) is now formulated for the unit cube K, with the gas bubble
of radius R, in its center so that

VU = ], Vh =C = 477:R2// .

It is also relevant to introduce the local systems of the ““fast” Cartesian and spherical
coordinates X, Y, Z and R, 8, ¢, respectively, with the origins at the cell center and with
X-, Y-, Z-axes directed perpendicular to the cube sides.

The deviator E is, then, fully presented by its diagonal components E, .. E,,, E.. dis-
tinguished as ¢, q,. q., respectively. By definition, the trace
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4«+4q,+q. =0,

and the rest of the components are equal to zero in accordance with the assumed orientation
of the cell.

One could try different ways to construct approximations for S and P on the basis of
the simultaneous eqns (22), (23) in order to evaluate the integrals in eqns (24). But, to
estimate the range of the uncertainty of resulting rheological relations, special attention
should be paid to limiting cases in the directional deviation of the principal axes of the S-
tensor approximation from those of the deviator £ (i.e., the Cartesian X-, Y-, Z-axes).
Actually, this determines the magnitude of the term E:S in the expression (21) for the
second invariant of the tensor &, and, consequently, the value of 5, in eqns (22), (24). With
this in mind, let us consider two schemes of the deformation processes in the cell K, hereafter
referred to as spherical and cubical approximations (sce also Fig. 2).

4.1, Spherical approximation

If the volume concentration of bubbles ¢ tends to zero (¢ — 0), the radius of the bubble
R, in the reference cell K, (in the R-space) is the small parameter: R, = (3¢/4n)"*. Thus,
the scale analysis of the cell problem (21)—(23) taking into account the new typical length
can be performed. The direct integration of the continuity equation (22) over the fluid
phase K, and the second periodicity condition (23) yield the corresponding estimate for
the velocity-fluctuation order

IWI ~ 3lg,|/(4nR3) ~ |golc 7
around the bubble.

Hence, when ¢ — 0, the tensor S of the volumetric expansion rates becomes the principal
part of the tensor &;in eqn (21) in the vicinity of the bubble where R = O(c'"*). Consequently,

Iy ~ Il ~ g3/, no ~ n(dg5/c*)
and the force balance eqns (22) give

P~ Po=Pm ~ anO//C'

As a result, with the relative error of the order of O(c) in the vicinity of the bubble the

Fig. 2. Schematical two-dimensional presentation of spherical (a) and cubical (b) approximations
of the deformational picture of the cell X,,.
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solution P and W of the cell problem (22)—(23) does not depend on the tensor E and the
spherical symmetry prevails in the deformation picture, since it is close to the expansion
(compression) of a single bubble in an infinite medium. This limiting case was the subject
of the studies of Wilkinson and Ashby (1975), Salamatin et a/. (1985) and also Salamatin
and Lipenkov (1993). Thus, we write after them:

W =(qy/c)(R,/R)’R = q,(Ry/R)"R, (25)

where R, = (3/47)"" is the radius of the sphere of the unit volume equivalent to that of the
cube Kj.

To motivate the use of the latter approximate presentation of W in a general situation,
let us pay attention to the following detail. The principal directions of the corresponding
strain rate tensor S coincide with the orthonormal vector basis of the spherical coordinate
system and seem to diverge maximally from the Cartesian axes directions. Hence, its
extension to the whole cell K, as well as to arbitrary values of the bubble volume con-
centration ¢ is supposed to lower the interaction between the deviatoric and volumetric
strains on the macro-scale level, on the average.

Equation (25) yields the obvious relations for the spherical components of the S-tensor

Ske = —2g4(Ry/R), So = wap = ¢4(Ry/R)",
SRU = SR(/) = Snm =--=0. (26)

Substituting eqns (26) into eqns (21), one obtains:

He =(qi+4; +42)/2, 11, = 3q5(Re/R)°,
I = Hg+ 1~ 3q0(Ry/R)* Egg, (27)

where the radial component E, of the deviator E is given by the formula
Erg = (g, cos* ¢+, sin” @) sin® 6+ ¢. cos” 0.

Further, let us replace the cube K, with the equivalent concentrical spherical cell of
radius R, (see Fig. 2a). This permits representation of the averaging procedure <{*>, by
repeated integral with respect to the coordinate angles ¢, and, then, radius R. So, to
evaluate the integrals in eqns (24) it is sufficient to determine only the ¢, 0-averaged excess
pressure

1 it 2r
Py, = EJ sin f d()j Pdo. (28)
{ ¢

) )

To deduce the required relation for {P},,. we first write the momentum equation and
the boundary condition on the bubble surface I', (see eqn (22)) in the spherical coordinate
system and, second, integrate in accordance with the averaging procedure (28) their pro-
jections onto the radial direction with respect to ¢ and 6. Finally, taking into account the
facts that the tensor ¢, (i.e., E and S) is a deviator and that all its components as functions
of the coordinate angle ¢ are 2z-periodic, we straightforwardly come to the following
boundary value problem:

¢ 0 ) . 6 . .
éE<P>0w = 2ﬁ<(ERR+SRR)’70>O¢+ E((ERR‘FSRR)’?O%W

[— <Py, +2<(ERR + SRR)’?() >9¢]yR=R,, = Pw— Pb- (29)
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According to the structure of these equations, after substitution of eqns (9), (26), (27)
it is relevant to designate v = R/R; and to write

<(ERR+ SRR)’?O >0¢ = <(ERR '2‘1()/"3)71(] 2‘]%/’"6 +41l;— 12QOERR,/"3)>thp
= - F(\//TZ(JO,/V} 3G 95> qz)/\//i

where the function F(¢) is defined as

F(E3 e 4uege) = (& =/ IErp)N(E + 4T, — 128 Egg) b0,- (30)

Then the use of eqn (30) and the immediate integration of the ordinary differential
eqn (29) with account of the boundary condition at R = R, lead to the evident result:

(PYyy = Po—Pm— (2 DFS 1290/ 14,04, 4.)

— — d
‘\/DjAF(\/12qo/CB;q_\»,q),-,qz)fé, v=R/Ry. (31)

4.2. Cubical approximation

Now let us note that the cube K is composed of six identical, regular, pyramidal
sectors, whose bases are the cube sides, and whose summits lie in the cell center (see Fig.
2). In each sector the principal axes of the expansion strain rate tensor S are close by
directions to the Cartesian axes : the radial axis being roughly colinear with the Cartesian
unit vector perpendicular to the base of the sector. Thus, another limiting scheme of the
deformations shown in Fig. 2b arises.

First, we change the spherical bubble to the equivalent cubic one with sides per-
pendicular to the X-, Y-, Z-axes and with the edge length / = ¢'*. Second, we assume that
in each sector in cross sections parallel to its base the strain rate tensor S represents a simple
three-dimensional deformation. So, for a certain sector o with the base parallel to fy-
coordinate plane (o, .y = X, Y, Z in circular permutation, x # f # y) approximately only
the diagonal components of the S-tensor (distinguished further as $*) are non-zero and
are written as follows:

SU = —240/(28)°, S = S = q4/(29)7, (32)

where S is the distance from the cell center along the x-sector axis (a-coordinate axis). Let
us also designate the excess pressure in the a-section as P,

In the framework of this approximation, in all sectors, deformation characteristics are
functions of S only. It is clear that, in general case, S and P™ are different for different o
and this makes S and P discontinuous at the side faces of the neighboring sectors. Conse-
quently, in accordance with eqns (21), (32) for each a-sector the cell problem (22) 1s reduced
to the momentum balance equation (its projection onto the a-coordinate axis) written for
an arbitrary cross section and to the boundary condition at the cubic-bubble side.

P
as

) o
= 2551240/ 29 . + [4g, — 29,/(28)" ).,

—2(q,+ 40/ 28) Y +1.) = 2P+ PP + PPY/S,
P\(.ﬁ/rz =Py Pmt2(q, ~2q4/MMy5—i2. (33)

Here
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e = AT, IIG = He+15—34,q,/2S)°, I = 3¢;5/(25)°. (34)

The terms in square brackets on the right-hand side of the momentum eqn (33) are
responsible for the divergence of the sector domain in #-axis direction and the force
interaction with the neighboring sectors.

Again there is no necessity to solve all the simultaneous eqns (33) for different a to
evaluate the integrals in eqns (24). Following the same line of considerations, as in the
previous Section 4.1, we define the averaged sector pressure by the procedure

(P(ﬁ’>ﬁ :(P(M_FP(Y)_FP(Z))B_

Then, adding eqns (33) and introducing the function

F(E:1q0,4,,4.) = {(E—/3apm(& +4ll;— /12¢q,)>, (35)

analogous with that in eqn (30), we come to the similar problem, as for eqns (29). The final
relation for (P}, is identical to eqn (31) with v = 2.

Approximations (32)—(35), together with eqn (31), give the upper estimate of the
interaction between volumetric expansion and deviatoric strains in bubbly medium on the
micro-scale level.

5. MACRO-SCALE RHEOLOGICAL RELATIONS FOR ISOTROPIC BUBBLY MEDIUM

The final stage of the theoretical study is to evaluate and to analyze eqns (24) on the
basis of the schematic presentations (26), (32) for E and eqns (27), (34) for I1,,, using also
eqns (30) and (35) in the deduced relation (31) for (P, and (PP,

Let us start with the first eqn (24). The integral procedure <: > for the spherical or
cubical approximations can be written in the unified form:

= 3Jlﬂv2<->dv, (36)

where (-} denotes either directional averaging {*),, with v = R/R, or sector averaging <{*);
with v = 2.8, respectively.

Thus, substituting eqn (31) into eqn (36) for (P}, and integrating its last integral term
by parts, we eventually obtain from the first eqn (24) the general relationship between the
gas-medium pressure drop and the expansion rate ¢,

2 (e d¢
Pr—Pm = 7J\ — F(‘quw qy- Q:)Te (37)
N 3 \/I2q(, C

which is additionally transformed by the change of variable: ¢ = \/qu/{‘z.

In accordance with eqns (30) and (35) it is also influenced by the deviatoric strain rates
45> %» q-.

Now the same change of variable in the integral in eqn (31) and the substitution of
eqn (37) give the final formula for the directionally averaged pressure fluctuations within
the cell

2 \/’/]2 0 d o @
(P = ‘{f ! F(é;q.\~,c1y,tjz)7C —F(i-&;qwqmq:ﬂ, '’ <v=R/R),2S5< 1.
V3 ' ¢ v

V124,

(38)

Passing to the second eqn (24), it is important to underline the fact that the principal
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axes of the macro-stress tensor T coincide with those of the macro-strain rate deviator E
(i.e., with the X-, Y-, Z-coordinate axes). This is true by definition for the cubic approxi-
mation (see eqns (32)). As for the spherical scheme of deformations in the cell K, with the
S-tensor given by eqns (26), the following presentation is valid in the Cartesian coordinate
System:

S = q—g(l —3sin? fcos’ p), S

yy

— 91 —35in? Gsin’ ).
v v

D Gin?0sin? g,..., v=RIR,. (39)

S. = C]—2(1—30052 0, S.,=—
I8 V-

Xy
v

So, the straightforward verification shows that, for example, the mean value (5,5, 4,
evaluated in accordance with the averaging procedure (28) for i, determined by eqns (9),
(27) is equal to zero. Consequently, eqn (36) gives {(#,S,,>, = 0, and the second eqn (24)
results in T,, = 0. The same holds for all T,; when o # . Hence, only the diagonal
components T, T,,, T.. are to be specified.

In the general case, the decomposition (36) and the substitution of eqns (27), (39) or
eqns (32), (34) into the second eqn (24) yield the required rheological relations:

1
Tocoz = 2‘]: J H(\/ﬁqﬂ//g s qs q:) dC

1 — d¢
+ 2(]0 l[ Ga (\//]2(10/( N/ qva q:) L_,T , X=X, 1,20 (40)

It should be mentioned that the integrals in eqn (40) have been transformed by the
change of variables: { = v*. New functions H and G, are the direct analogs of the function
Fintroduced by eqn (30) or by eqn (35). In fact, we have

(1) for spherical approximation

H(E 400 0,04) = (& + 4l — S 12EErp) Yo,

G (¢:4.q,.9.) = <(1—3sin* cos® (& + 41Ty — /12 E i) Yoo

G, (€:q..9,.9.) = {(1=3sin> Osin® @)n(E +4H, — /12 Ere) Vs
G.(£:4..9,.9.) = (1= 308> O(E + 411, — /12EEpe) Doy 1)

(2) for cubical approximation

H(E g qungs) = (& + 3L — /12E,) 5,
G (&g g ) = (1 =30, )(E + 41—/ 128q) >0 o = X, 1,2, (42)

where §,; are the components of the identity tensor 6.

The right-hand side of eqn (40) evidently depends on ¢,, and the deviatoric macro-
stresses in bubbly medium are controlled by density relaxation processes.

Equations (37), (38), (40) can be considerably simplified, if the sum 4441, is a
dominant part in the argument of the function # in eqns (30), (41) and (35), (42). When
&+ 41l » /128 Egg, the following transformations based on Taylor formula are valid for
eqn (30):
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F(E, 40010 92) & {(E=/3Erg) (& +4H) — /128 E g (€ +4110)] g,
= [7(& +41L) + 6 Exrdah (&7 +4II)1E
= W& +41 ) +4xlln (& +411))E, k=04
To obtain this relation it has also been taken into account that <ERR>(,¢ =0 and
<E§R>(,(p =(4/1511.

Equation (35) can easily be converted into the same form but the value of the factor
k 1s different : k = 1. Thus, instead of eqn (37) we write, approximately

nop = J P E R AIL) Iy (B R AIL))dE, 04<Kk< ). (43)
\/ V1240

Here the upper and lower bounds for x correspond to the two limiting schemes of the
cell deformations considered above.

Now let us examine eqns (40)—(42). It is obvious that, when & 41/, is a larger part
of the n-function argument in eqns (41), (42), in both cases we have

H(é« 9> (1,‘--(1:) = ’?(62 +4I[l;)

As for the functions G, the straightforward calculations lead to the following simplified
presentation

GL(E.qudnd-) & /12687 (E + 411 q,, o= x,),z,

where x = 0.4 or 1 for spherical or cubical approximations, respectively.
Finally, eqns (40) take the form:

U12g2 1262 (124 .
TzzU [n< q°+4115>+;< y%n/<7§]—0+4115ﬂdc}E, 0d<rk<l (44

v2 2
s

5 4

It should be emphasized that, in case of a linear function n(&), eqns (43), (44) are the
exact replications of eqns (37), (40). Therefore they are thought to be in good agreement
with eqns (37), (40} in general, unless the nonlinearity of the constitutive relation (1) on
the micro-scale level is too strong. Possible variations of the factor x within the limits from
0.4 to 1 still cover the range of their uncertainty. Moreover, k can be used for adjusting the
theoretical formulas (43), (44) to experimental data and for tuning them to simulate
rheological behavior of real bubbly mediums.

6. BUBBLY ICE RHEOLOGY. DISCUSSION

For the purpose of applications and discussion we aim at isotropic polycrystalline ice
as a widely spread substance, which approximately follows the creep flow law (1) and has
rheological properties similar to those of metals at high temperatures (Glen, 1955).

A representative collection of various experiments considered by Budd (1969) reveals
a power (polynomial) form of the relationship between the apparent strain rate ¢, = /11,
and stress 7, = \/I[r in pure ice:

Ty TZ Q T_Tx
26, =4+ | 45
“ <#I+Mz>GXP[R.\-Ts( r ﬂ @

Here x is the creep index, u, and u>—the rheological coefficients (constants), Q—the
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apparent activation energy, R—the gas constant (R, = 8.314 J/(mole-K)), T,—the stan-
dard temperature (7, = 273.15 K).

Further, for computations we seta = 3, y; = 0.8 MPa - yr, 4, = 0.004 MPa*-yr, @ = 60
kJ/mole that is close to estimates deduced by Budd (1969) and Sumskii (1969) from the
experimental data.

The temperature of ice hereafter is fixed to be 7 = 223.15 K, i.e., —50°C. The latter
assumption does not limit possibilities of discussion, since the exponential factor in eqn
(45) merely scales the strain rates. As for the range of stresses, it is chosen to cover the
extreme cases of the linear and power asymptotics of the law (45) for small and large 1,,
respectively, as well as intermediate values, for which both terms in eqn (45) are significant.

Air bubble volume concentration in natural glacier ice, as a rule, does not exceed 0.1
(Salamatin er al., 1985).

To use the rheological law (45) in equs (37), (38), (40) and in their simplified analogs
(43), (44) we need the function n(&). With this aim the flow law (1) can be easily rewritten
in terms of apparent stress t, and strain rate é,: 7, = 2n(4¢2)é,. So, designating the argument
of the rheological coefficient 5 as £ (i.e., taking 2¢, = \/’E) and substituting the resulting
expression for 7, into eqn (45), we come to the following equation, which identifies #(&) :

(LM, + (&) My =1,

where M, and M, are the linear and non-linear viscosities u, and y,, respectively, divided
by the exponential factor.

On the micro-scale level the creep flow model (1) and its particular case given by eqn
(45) do not depend on the third deviatoric strain rate invariant I7/,. This is not true, in
general, for the macro-scale processes governed by eqns (37), (38), (40) although holds
approximately for eqns (43), (44). So, to compare different patterns of deviatoric defor-
mations with the same apparent macro-strain rate E, = /I, but different values of the
third invariant /11, we have considered :

(a) simple three-dimensional extension, g, = ¢, = 'c,/‘\/g, g. = —ZE(,/'\/? (i, =
~2E}(/27); B B

(b/Lsimple three-dimensional compression, ¢, = g, = ~ E,/\/3,q. = 2E,//3 (Ill, =
22T

(c) simple two-dimensional extension, ¢, = —q, = E,,q. = 0 (H{I; = 0).

Typical vanations of the averaged excess pressure (P> within a bubble cell in accord-
ance with eqn (38) at ¢ = 0.02 in different situations are depicted in Fig. 3. For com-
paratively small deviatoric deformations (E, < g,/c) the simplified expressions for F are
accurate to 1-3%, {P) does not depend on the way of deformation and the graphs for
cubical and spherical approximations are not distinguishable (see curve 1), If the deviatoric
strain rates increase and reach the same order as the volumetric expansion rate in the
bubble vicinity (E, ~ gy/c), the cubical approximation becomes sensitive to the patterns of
deformations (curves 2a, b for simple three-dimensional extension and compression), while
the spherical scheme remains extremely conservative (curve 3). In case (c) of simple two-
dimensional extension the corresponding curve is very close to the arithmetic mean of the
cases (aj and (b) which are not shown in the figure. This comparison reveals strong
interaction between bubble pressure (density) relaxation and macro-scale flow in bubbly
non-Newtonian mediums. It also points out the possible development of stagnation zones
around bubbles. At the same time it is clear that the spherical and cubical approximations
are just exaggerated schematic models of the real deformation picture within cells and
should be regarded as limiting estimations. The dashed lines in Fig. 3 correspond to the
simplified relations for the function F and represent pressure distribution in the cell on the
average.

The gas-medium pressure drop p,—p,, given by eqn (37) is plotted in Fig. 4 against
macro-scale expansion rate g,. Curves 1-3 illustrate the influence of the deviatoric strain
rate £, on the relationship at ¢ = 0.02 for cubic approximation. As it may have been
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Fig. 3. Directionally averaged excess pressure { P} as a function of normalized distance v from the

cell center within ice matrix at ¢ = 0.02and g = 2+ 10"*yr~': (1) £, = 2-10"* yr ' (the same curve

for cubical and spherical approximations for all patterns of deformation); (2) and (3) £, = 4-107*

yr~' for cubical and spherical approximations, respectively. Cases (a), (b), and (¢) are: simple 3-d

extension, 3-d compression, and 2-d extension, respectively. The dashed lines correspond to the
simplified forms (30) and (35) of the function Fat k = 0.4 and 1.
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Fig. 4. Phase pressure drop p,—p,, vs volumetric expansion rate g, in bubbly ice: (1)-(3) for cubical

approximation at ¢ = 0.02 with £, = 107°, 2-107* 4-107° yr !, respectively; (4) for spherical

approximation at ¢ = 0.02 with £, = 410" yr '; (5), (6) for all patterns of deformations and

schematic approximations with £, = 2-10~% yr™ ' at ¢ = 0.005, 0.08, respectively. Cases (a) and (b)

are simple 3-d extension and 3-d compression. The dashed line corresponds to the simplified relation
(43) atk = 1.
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Fig. 5. Creep law of bubbly ice at ¢ = 0.02: (1)—(3) for cubical and (4)—(6) for spherical approxi-

mations at g, = 107, 2-107%, 4107 yr~', respectively. Cases (a) and (b) are simple 3-d extension
and 3-d compression. The dashed lines correspond to the simplified relation (44) at k = 1.
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expected, only at large E, (~g,/c) simple three-dimensional extension and compression
result in slightly different curves 3a and 3b, respectively. The dashed line is the relation (43)
at k = 1. In the latter case the spherical approximation leads to curve 4 practically the same
for all patterns of deformation and for both eqns (37) and (43). The discrepancy between
the two deformation schemes in the resulting rheological law relating pressure drop p,—p,,
to volumetric expansion rate ¢, is not great (compare curves 3. 4, and the dashed one in
Fig. 4) and diminishes as E, decreases. Thus, eqn (43) provides a reliable basis for modelling
pressure (density) relaxation in bubbly mediums on macro-scale level. In particular, curves
5 and 6 in Fig. 4 show strong dependence of density relaxation rates on bubble volume
concentration c.

The graphs plotted in Fig. 5 present the macro-scale flow law (40) of bubbly ice:
the dependence of the apparent stress T, = \/717 on the apparent deviatoric strain rate
E, = \/ 1I-. For small volume concentration of bubbles, the main factor that controls the
rheological behavior of ice is the macro-scale expansion rate ¢, (see curves 1--3 for cubical
approximation). Variations of ¢ within the range 0.005 < ¢ < 0.08 do not change, for
instance, curves 3 at ¢ = 0.02 more than by 2%. Again, different patterns of deformation
influence noticeably (but not much) the creep flow law only if the deformation rates £, and
go/c in bubble vicinities are comparable: curves 2a,b and 3a,b. The case (c) of simple
two-dimensional extension is the arithmetic mean of cases (a) and (b). The dashed lines
correspond to eqn (44) that is evidently valid for cubical approximation (k = 1) on the
average. As for the spherical approximation, at each value of ¢, we obtain practically single
curves 4-6, which coincide with accuracy to 2% with eqn (44) at k = 0.4. Thus, eqn (44),
as well as eqn (43) determining the phase pressure drop, appears to be a plausible form of
the macro-scale flow law of bubbly ice. An appropriate value of the tuning parameter x
should finally be found from experimental data.

7. CONCLUSION

A quasi-periodic model of a two-phase, bubbly medium is a useful physical basis to
simulate rheological behaviour of the mixture on macro-scale level, regarding it as con-
tinuous substance with apparent rheophysical properties. Such an approach permits us to
employ the vehicle of perturbation methods and asymptotic analysis of periodic structures
to derive rigorously averaged balance equations governing flow and density (pressure)
relaxation of bubbly medium in macrocontinual approximation. The “dual” cell problem
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leads to corresponding rheological laws. The latter relations have an integral form and even
a plausible schematic solution of the cell problem results in reliable constitutive equations
and, totally, in the complete macro-scale model.

This general procedure has been applied to describe creep flow and relaxation com-
pressibility of non-Newtonian fluid with a large number of small gas inclusions. Strong
interaction between deviatoric strains and volumetric expansion (compression) is revealed.
Rheological relations determining the constitutive part of the macro-stress tensor and the
phase pressure drop in bubbly medium are written in explicit form and contain one
parameter, which variation range represents the uncertainty of the approximate solutions
of the cell problem. At the same time this parameter may be used to adjust the theoretical
rheological equations to original experimental data in order to compensate inevitable model
errors.

The discussion of these results in application to the bubbly ice rheology shows self-
consistency of the limiting approximate schemes of cell deformations used for the con-
struction of the rheological model. Within the limits of the existing uncertainties bubbly ice
behavior on the macro-scale level remains independent of the third invariant of the strain
rate deviator.
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